We find the most general form of the key function for an.Jf".Jf"space whose curvature on the right side is algebraically degenerate.
I. INTRODUCTION
Jf' Jf' spaces are the complexified Riemannian structures which fulfill the Einstein equations and have algebraically degenerate conformal curvature from one side, e.g., the self-dual part (the "left side"). The structure of such spaces is determined by a potential function iV, the key function, which must satisfy a certain nonlinear differential equation.
All the algebraically degenerate real solutions of the Einstein equations correspond to a real slice of an Jf' Jf' space whose curvature is of the same algebraic type on both sides. Also, as R6zga 1 has shown, a necessary condition for the existence of a real slice with signature (+ + + -) of a complex solution is that its algebraic type be the same from both sides. Therefore, employing the theory of Jf' Jf' spaces in constructing algebraically degenerate real solutions, it is of particular interest to determine the Jf' Jf' spaces which also have the right side algebraically degenerate. This paper constitutes an introductory step towards this end, by determining the most general form of the key function which makes the right conformal curvature algebraically degenerate.
In Sec. II we give a brief description of the results and formalism for Jf' Jf' spaces and deduce the basic equations.
In Secs. III and IV we find the form of the key function for all possible special algebraic types on the right side.
II. THE h FUNCTION
As was shown in Ref. 2 , and in a more detailed form in Ref. 3, the algebraic degeneracy of the conformal curvature of one side, together with Einstein's vacuum equations, imply the existence of a congruence of two-dimensional surfaces which are totally null ("null string"). In fact, if a A is a multiple Debever-Penrose spinor for the left conformal curvature, i.e., C ABCD = = alA a B !3CYD i' where C ABCD are the spinorial components of the self-dual part of the conformal curvature, then the system of differential equations 4 aAgAB=O (2.1) defines a null string. Associated with such a null string there existS canonical coordinates qA and pA such that the metric has the form 
The null string is then defined by d~ = O. Einstein's vacuum equations imply that </J = fA pA + k, where fA and k are functions of ~ only, which can be made constant by using the freedom in the choice of the canonical coordinates. Then, if KA is another constant spinor such that 7=K A fA does not vanish
4)
where Il is a function of ~ only. The key function W must satisfy The anti-self-dual part of the conformal curvature in the tetrad (2.3) is given by (2.6) Therefore, if the conformal curvature is also right-degenerate, the key function must be such that
This relation restricts the dependence of WonpA only. Thus, at this stage, we can ignore the dependence on qA, which has to be determined through the hyperheavenly equation (2.5).
Since we are interested in the pA dependence only, and since in two dimensions each vector is proportional to a gradient, we can write 
THE CASES N AND III
In this section we consider the case where the right conformal curvature has, at least, a triple Debever-Penrose spinor; therefore .13) where s is a function of h. Recalling the definition oftP, (3.13) implies that PA must be of the form
W. ABCD = h. IA h.B h,C/3D)
where r' is some function. Substituting (3.13) and (3.14) in (3.5), one concludes that r' is a function of h. By proceeding as in the previous case, it follows that (setting r = r') &'. (3.15) In branch S the function h is given by (2.26), and tP can be represented as where s = s(h ). Introducing now a spinor fA such that
(3.16) (3.17) (3.18) Equation (3.5) implies that r" is a function of h. Dropping primes, one finds that, in this case, W must be of the form
IV. CASES D AND II
We shall now assume the right conformal curvature to be of type D or II. Therefore, ten as X= - (aAaAfu, (4.3) where u is a function of h. This means that,BlcYD) is of the form 12 u " 4 u .. (4, 4) where v and ware some functions and A' = ii'R pR + ii~.
Substituting (4.4) in (4.1), we have, after integration of the terms with u, Ii and ii, Bh, CODI ' (4.5) ,ABCD where (Ah, Bh.CODI' (4.7) .ABCD but this is precisely the problem solved in Sec. III; therefore, we conclude that
for some functions sand r.
In branch S, writing X as (4.9)
where u = u(h), one finds thatp(cYD) must be of the form 
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